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“The electronic layer of Mg found in tlie electron density
dlstrlbutlon map obtamed by the maximum entropy method
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Department of Applied Physncs, Nagoya University, Furo-cho, Clukusa-ku, Nagoya, 464-01,
Japan

Receivéd 4 June 1993, in final form 19 August 1993

Abstract; The electron density distribution of Fice (hexagonal close-packed) metal Mg is
obtained for the first time by the maximum entropy method (MEM). The data used in the analysis
are measuréd by a newly developed synchrotron x-ray powder difffaction with im imaging plate
(1P} as a deisitor. Care is taken in the quality of the ‘specimen and the high coonting statistics
of the measutement. In the MeM map of Mg, which is the electrdn density d.lsmblltlon map
obtained by thé MEM, a stuplus of electron charge is seeri around the tetrahedrai sites (T sites)
. of the Hep structare, while the electron densities around the octahétal sites (O 5ites) are much
less than the average density of inter-atomic sites, By these surplus electrons, Mg niesal forms a
horigycomb negwork: in the basat plane and shows a kind of efectronic layer structure. Since there
are no ambiguities of Phase determination, it can be said that the MEM map of Mg is constructed
purcly depending on the experimental data and free from any structiiral models. Tn onr previous
work the same kind of honeycomb network was fourd in Be, which i is also an HCP melal. There
isa l'ugh possibility that such honeycomb rigtwork is one of the striictural characftistics of pure
HCE metals at the electronic level. More work has to be done o investigate siich a possibility
and the MEM analysis will play an 1mportant role in structiral studies at the electmmc level

1 Inlrodixcimn

'There are some recent structural studles on HCP metals conceming the anham'lomcuty of
atomic vibration [3-6], but véry few about the electron density dlsmbupons "Be is the _
exception. Quite a few studies have been carriéd out on electron density distributions of

Be in order to reveal a bonding nature. ‘The existérice of bonding electrort arpund the
. tetiahedral sites (T sites) was ifdicated by the Fourier fethod [7-91. Yang anfl Coppens
[10] calculated valenice and defonnauon maps and mterpreted them to indjcate the bonding
which they expressed in terms of hybrids of s and p orbltals. They noted that the c/a
rafio in Be is §maller than the value for the ideal HCP stniciure by the bonding due to sp2
hybrids, In our previous work [2], the electron den51ty dlstnbunon of Be was obtained by a
newly developed techntque of dsta analysis, namely the makimum entropy method (MEM).
The MEM analysis enables one to draw an electron densny distribution which i§ consistent
with all the observed structure factors and least biased with tespect {6 the unobserved data
~ without assuming any structura] models, which .must be very beneﬁcnal for expenmenta]_
- stdies of the bondirig state in Si [11], CeOz 12}, T102 (rutile) [13], LiF [14] and ice ()
[15]). The MEM map of Be showed. that the surplus electréns were observed around the T
sites, which was consistent with previous results. Furtherriore it was revealed for the first
time that the surplus electrons around the T sites form the Honeycomb networks in thé basal
: plane and sliow a kind of electronic layér in the Be crystal: Such a feature of bondmg could
not be foiind by the convenuonal Founer method.

0053-39R4BAHEUSHBITS0 © 19’9‘3 IOP Piiblishing ch; © 845



8246 Y Kubota et al

Mg is one of the HCP metals of which the c/a value is fairly close to the ideal value.
It is noted that the temperature factor for Mg is almost isotropic at room temperature [16].
If any structural anisotropies could be found in Mg, it would be reasonable to expect the
same kinds of anisotropy in other HCP metals. Mg has a similar electronic state to that of
Be, which has two valence electrons in its atomic s levels in the ground state, It is very
interesting to know whether Mg metal forms the same kinds of electronic layer as Be metal.
In this work, we measure structure factors of Mg metal by x-ray powder diffraction with
high counting statistics and obtain the electron density distribution by the MEM, in order to
reveal the bonding nature of Mg metal,

2, Experimental procedure

The MEM map is constructed without any structural models so as to be consistent with
the observed data within efror bars as a whole. If the data set used in the MEM analysis
includes incorrect data, the resultant MEM map will be deformed in various ways, because
the resultant MEM map will agree with the incorrect data. It is, therefore, very important
to collect accurate data for MEM analysis.- X-ray powder diffraction has been employed for
the MEM analysis of CeGs [12] and TiO; (rutile) [13). The reason is that as long as a good
specimen is used in the powder experiment there would be less risk in a powder diffraction
experiment for any artificial biases to be introduced than in a single-crystal experiment,
which ofien has a very complicated extinction problem.

For the data collection for Mg, of which the absorption is relatively small, a transmission
geometry of powder diffraction was employed. In a transmission geometry, it is not easy to
have good counting statistics because of the tiny amount of specimen. For this reason, a new
x-ray powder diffraction method [1] which utilizes synchrotron radiation and an imaging
plate (IP) as incident x-ray and detector, respectively, was adopted to collect the data. This
method is advantageous for crystals composed of only light elements. The powder sample
was mounted in a thin-walled silica glass capillary of 0.3 mm diameter. The experiment
was carried out by the use of a large Debye—Scherrer camera of 572 mm radius at the
Photon Factory BL-6A,. The resolution in angle 26 was typically about 0.05° full width
at half maximum (FwWHM). The wavelength of an incident x-ray was 1.04 A. In order to

obtain an x-ray powder pattern with good counting statistics, the exposure time was 4 h,
which is very long for an experiment using an IP as a detector. The 20 lowest-angle Bragg
reflections with sin8/A < 0.54 A~! were measured.

3. Profile fitting

The detailed procedure of the whole data analysis, which includes the profile fitting, the
scaling and the MEM analysis, is given in [12] and {13]. Here the results of profile fitting
will be given briefly,

No extra peaks of oxides were seen in the whole powder pattern. The particle size
distribution of the specimen was examined in @ scan data, which are the plots along the
Debye—Scherrer line and are sometimes called an £ scan [17]. By the w scan profile the
specimens were considered to be suitable for the collection of accurate Bragg intensities.

The integrated intensities for each Bragg reflection were derived from the x-ray powder
pattern by the profile fitting technique. This was carried out by the computer program
for profile fitting PRO-FIT [18]. Both split Pearson VI and pseudo-Voigt functions were
examined as profile functions and the former was employed in the present agalysis because
of slightly better fittings for the intensities observed. The results of the profile analysis
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Figare 1. Thé whole powder pattern of Mg. The observed intensities are collected by
transmission powder diffraction in which synchrotron radiation is used as incident x-ray photons
and an 1P is wsed as a defector system. The values calculated by profile ﬁmng and the differences
between the observed and calculated mtensmes are also shown.

for Mg are given-in figure 1 for the whole-powder pattern. In figure 2, typical results of
profile fitting are given in detail. The agreements of calculated and observed intensities are
very good in both cases. This shows that the individual integrated intensity for each Bragg
- reflection was estimated in a reasonable way even in the peak overlapped case except for
the very severely overlapped peak of (105) and (212) reflections for which the combined
intensity was used.-for further analysis, The combined structure factor is defined as-

Lo EGT-R _
Gy = (E i | Fsell) P / z-my) _ | "
& &

* The definitions of the symbols used in equation (1} are given in Appendix. In general the R
values of profile fitting are less than 2% (R = [ w(Zops—Leatc)®/ Y wlns 1'%, w = Ips™")
and show good agreements with the observed profiles. The standard deviation of each
integrated intensity was estimated by the profile fitting.

" .In the present analysis, the absorption correction was neglected for the following reason.
Considering the low packing ratio of the Mg powder specimen and the short wavelength
of incident x-rays, the absorption correction must be quite small. By using the absorption
correction formula for a cylindrical sample, the difference of absorption correction factors
among the observed reflections was estimated to be at most 0.5%, which should be

 insignificant compared with the accuracy level of the present intensity measurement.

The scale factor necessary to convert the Bragg integrated intengities to the structure
factors was determined by a'non-linear least-squares analysis program similar to the POWLS
program [19]. The phases of each structure factor were assigned as HCP structure. There
must be no possibility that the phases could be misassigned in this way.
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Figuore 2. The results of profile fitting (2) for a non-overiapped peak of (101) and {b) for an
ovetlapped peak of (105) and (212) Bragg reflections of Mg.

Eventually 18 independent structure factors and one combined structure factor were
obtamed from the integrated intensities, which are both tabulatcd in table 1. The combined
su'ucture factor was calculated from the combined intensity. The éffects of preferred
orientation were slightly récognized. This effects were consxdered at the stage of the MEM
analy51s, which will be. shown in the next section.

4. The MEM analysm

Following Oo]lms approach [20], we have analysed x-ray diffraction data by the MEM in
our previous works. Sakata ef a! [13] pointed out that the same MEM equation as Collins’
could be derived without using any approximations in the derivation of the MEM equation.
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Table 1. The observed integrated intensities, the observed structure factors, the calculated
structure factors in which the preferred orientation effects are considered, and the calculated
structure factors from the final MEM map of Mg. (105) and (212} refections are treated as a

combined data,
h k 1 Iubs Fnbs F;alc Fcalc |
1 0 0 18825 841 - 84 - B8
6 0 2 24K - - 174(2) -173 -173
T 0 1 8022 13.8(2) -132 -135
I 0 2713035 . 74 74 74
Sl 10 M85 126(2) 125 131
10 3 173D 10.4¢1) 104 104
2 0 0  2LU3 54— 55 - 58 )
1 1 -2 16605 1L.0(H -11.0 —i12.
2 0 1 11204 Sy 92 95
¢ 0 4 2352 105 106 106
2 0 2 26.0(2) 4.3(1) 4.8 49
I 0 4 2300 471 — 47 — 47
"2 0 .3 3.7 6% — 70 =171
2 1 0 11.6(3) -+ 3.7(1) = 37 -39 -
2 1 1 680 641 - 64 — 66
-t 4 44.4(3) T4 13 - 74
1 0 5 . — 6.1
21 3 454(5) 44D 4.27 34
2 0 4 75(3) 321 ~ 32 — 32
3 0 0

12.8(4) 6.0(1) 6.0 6.2

Hence it was shown that the MEM equation originally derived by Collins can be regarded as
rigorous. In order to solve the MEM equation, the zeroth-order single-pixel approximation
(Zspa) is used. Kumazawa et al [21] showed that the introduction of ZSPA shall not cause
any harm to have the MEM maps. _ ,

Using the structure factor data shown in table 1, the MEM map of Mg was iteratively
' calculatcd starting from the uniform density by the MEM equation

AR

p(r) = exp[ln T(r)+ m

[Z[ﬂp(k)] [ Feac (k) — Fons (k)] exp(—2arir + k)
T | S
+ E(aé(l)ccalc(ﬂ z mk’) [Gt;alc(j) - ngstf)]
CF .4 ,

X E M Falc(k') exp(—2mir - k’):[ }
B '

. ' | )
where 7 :

Feae(k) = V Z T(r) exp(—2mir - k). S 3)
The definitions of the symbols in thesc equations are also given in Appendlx. For the MEM
analysis of Mg, the preferred orientation factor for plate like crystals [22]

P(k) = exp[—p ¢ (k)] = o @

‘was used. In order to take into account the preferred onentatlon effects ‘the MEM equatlon,
_equation (2), is modified by replacmg equation (3) wnth

calc(k) Feae(k) P(k)lfz - S : - (5)
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As a consequence, we have

p(r) = exp{ln T(r) + [LFo/ (N1 + Nz)][Z[dfr(k)]—l[Fém(k) — Fops(R)] P(K)'/*
k
-1
x exp(—2xir - k) + Z(aé(j)oz,lc(j) > mk’) [Glatc() = Gas ()]
J K

X Y My Floy (k') P (k)2 exp(—2mir - k’)] } (6)
kl

where

1/2
Glar() = (Zmy | Frae®) / Zmy) . Q)
kl kl

In this work, equation (6) was used for the MEM analysis,

The number of pixels used in the calculation was 60x60x60 for a unit cell, which is
fairly large for an MEM analysis. Such a large calculation was efficiently performed without
any difficulties by the newly coded MEM analysis program package MEED [23]. This program
can be most effectively executed by a supercomputer. In table 1, both the structure factors
F . calculated considering preferred orientation effects and those Fgc calculated purely
from the MEM map are also included.

(a)

e L B
Figure 3. The MEM map of Mg(110) plane (a) for the higher-density region (~1.00-71.00 € A—3

with 5.00 e A~3 intervals) and (b) for the lower-density region (~0.00-1.00 ¢ A3 with
0.05 ¢ A3 intervals).

5. The MEM map of Mg

In figure 3, the MEM map of the Mg(110) plane, which corresponds to two stacking layers,
is shown. In figure 3(a), the electron densities higher than 1.00 ¢ A~ are shown. Such
higher densities of electrons may be regarded as the density distribution of core electrons.
In figure 3(b), the densities lower than 1.00 ¢ A~3, which may be the contribution of the
conduction electrons, are shown. The boundary between low and high, i.e. 1.00 ¢ A3 in
the present case, is, of course, tentative. As is well known, there are no negative density
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regions in the MEM map. From figure 3(a), it is obvious that the core electron density of
Mg is quite a spherical feature. This seems to be consistent with the fact that the ¢/a value
of Mg is close to the ideal value. In figure 3(b), the distribution of conduction electrons
in real space is clearly shown for this substance. It is seen from the figure at first glance
that a surplus of electrons can be seen in the bipyramidal space around the tetrahedral sites
(T sites; indicated as T in the figure). These surplus electrons are connected to electrons
around the atomic sites. On the other hand, electron densities around the octahedral sites
(O sites; indicated as O} are very low. This fact may be described as electron deficiencies
observed around O sites. It could, therefore, be said that the characteristic features of the
spatial distribution of electrons in Mg metal are isotropic distribution of core electrons,
surplus electrons around T sites and electron deficiencies around O sites.

Figure 4. The MEM map of the basal plane for Mg which corresponds to the (001) plane of
Hep structure. The electron density region shown in the figure is from 0.00 to 1.00 e A—? with
0.05 ¢ A3 intervals. The contour lines for densities of core electrons higher than 1.00 ¢ A2
are omitted. In order to see the connectivity of electrons, four unit cells are shown in the figure.

In order to reveal the three-dimensional distribution of surplus electron charge, the MEM
maps for some other planes are shown. In figure 4, the MEM map of the Mg(001) plane
is shown. Since this corresponds to the crystal structure in the basal plane of Mg at the
electronic level in real space, it would be of great advantage to examine the nature of
chemical bonding in the crystals. It is understood that the surplus electrons around the T
sites form a kind of multi-centre bond, i.e. a three-centred bond in the present case, and
that they are connecting atoms forming honeycomb network within one stacking layer.

In order to examine the configuration of such a network of surplus electrons further, a
new illustration of the electron density distribution is performed, namely the MEM map for
the zigzag planes composed of crystallographically equivalent {110} planes. This zigzag
plane, which is shown schematically in figure 5, contains both the tetrahedral and the
atomic sites. Such an illustration seems to be convenient to study the stacking nature of the
honeycomb network as has already been done in the case of Be by Takata et a! [2]. The
zigzag plane of Mg is shown in figure 6. The lower density regions of four stacking layers
are shown in the figure. It shows that the honeycomb network actually forms an electronic
layer and that there are no significant overlaps between the layers. In other words, it can
be said for the structure of Mg at the electronic level that well defined electronic layers are
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Figure 5. The schematic diagram of zigzag planes for which the MEM map is shown in figure 6.
(a) is top view, (b) side view.

Figure 6. The MeEM map of Mg for the zigzag plane shown in figure 5. The contour intervals
are the same as in figure 3(b).

formed in each stacking layer. As a whole, it could be said that the plane wave description
is not suitable for the conduction electrons of HCP metals.

6. Discussion

As is seen in table 1, the difference between F[, and Fy. of Mg is rather small. This
means the effects of preferred orientation are not severe. It is still necessary to understand
what kind of influence they would cause in the final results, particularly on the electronic
layer of Mg. In order to investigate the influence of preferred orientation, the MEM analysis
was performed ignoring the preferred orientation effects by using equation (2) instead of
equation (6). The MEM map obtained by such an analysis was not significantly different from
figures 3, 4 and 6. Only minor differences of the shapes of contour lines were recognized.
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Consequently, it is understood that the description in section 5 of the electronic structure of
‘Mg need not be changed at all, even when the preferred orientation effects are ignored.

~ If there are stacking disorders in the specimen, the present results might be infleenced, In
order to investigate such a possibility, the FWHMs of #0¢ reflections are carefully examined,
since stacking disorders should cause a widening of this type of reflection. However, a
significant difference of the FWHM of A0¢ reflections compared with sk reflections, which
are the fundamental reflections, was not recognized. It was concluded that the stacking
disorders had not significant influence on the present results and that the characteristic -
features of electronic structures of Mg obtained by this work were intrinsic.

It is, in principle, possible to calculate the total charge of ion cores from the MEM
map by counting the number of electrons enclosed in a certain sphere. In order to practice
this, the radius of the sphere has to be decided. There are, however, no simple criteria to
determine such a radius. In this work we assumed that the radius is half of the distance
between the atomic site and the centre of the blpyramxdal space of two adjacent tetrahedral
holes. By this assumpnon the ionic charge of the Mg ion core was calculated as +1 99
and that of Be was +1.71, which is slightly different from the nurnber of valence ¢lectrons
of Be. A Bader type topological analysis may prowde a better way to find the boundary of
" the Mg core in future works,

It may be interesting to point out the differences of the MEM map of Be and Me. The
~ electron densities of surplus electrons at the peak position was 0.37 ¢ A3 for Be and
0.31 e A~? for Mg, which are almost identical. On the other hand, the electron densities
at the O sites were rather different, i.e. 0.25 ¢ A~3 for Be and 0.08 ¢ A3 for Mg. These
differences of the electron density distributions could be related to the structural and physical

- properties of Mg and Be, i.c. the value of ¢/a, the high cohesive energy -of Be, etc.

" As was revealed in this work, the bonding character of even pure metals is not always
as simple as the nearly free electron (NFE) model. It would be very interesting to study
structures of intermetallic compounds at the electronic level by using the present method. .
" Intermetallic compounds show much variety in physical and chemical properties, which is
often considered to have a strong correlation with the crystal and electronic structures. The
basic structures of most intemnetallic compounds are well known and there would be no
difficulty in applying the present method to such compounds. '
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Appendix, Notaticms for MEM equa_tions

pr) Electron density at a certain pixel Iocated at r,

(r) Prior electron density.

Fans(k) ~ . Observed structure factor for the reﬂectlon k.

Fearc(E) Calculated structure factor for the reflection & calculated
from p(7).

Fl. (k) - Calculated structure factor for the reflection & considering

preferred orientation effects.
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or(k) Standard deviation for Feps(k).

Gons(f) Observed combined structure factor for jth overiapped peak.

Geae()) Calculated combined structure factor for jth overlapped peak

- calculated from p(r).

oc() Standard deviation for Ggps(j)-

Glps() Observed combined structure factor considering preferred
orientation effects. ~

Gla() Calculated combined structure factor considering preferred
orientation effects.

oe(j) ~  Standard deviation for G, (/).

N Number of independent reflections.

Number of combined reflections.

Unit cell volume.

Lagrange undetermined multiplier,

Fouc{0), which is equal to the total number of electrons in a unit cell.
Multiplicity for jth overlapped peak.

P(k) Preferred orientation factor for the reflection k.

Acute angle between the preferred orientation direction and the
-scattering vector k.
Parameter of preferred crientation correction.
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